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Supplementary Figure 1: Isotherms generated from APCE assays conducted without (left; a and c) and with 

(right; b and d) the non-cooled capillary inlet. The isotherms for the 15mer are on the top (a and b); the 

isotherms for the 29mer are on the bottom (c and d). All data were fit with the Hill equation as described in the 

text.   
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Supplementary Figure 2:  Isotherms generated from FA assays in five different buffers: PBS (a and b), TG (c and 

d), TGK (e and f), TGKM (g and h), and TGM (i and j). The isotherms for the 15mer are on the left (a, c, e, g, i); 

the isotherms for the 29mer are on the right (b, d, f, h, j). All data were fit with the Hill equation as described in 

the text.   
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DERIVATION OF BINDING MODELS 

 

Simple Hyperbola 

To derive the simple square hyperbola isotherm, we start with a 1:1 equilibrium of aptamer, A, and protein, P, 

forming a complex, AP and the associated Kd expression: 

 

𝐴𝑃 ⇔ 𝐴 + 𝑃 (S-1) 

 

𝐾𝑑 =
[𝐴][𝑃]

[𝐴𝑃]
 (S-2) 

 

We define the fraction bound, 𝑓𝑏, as the fraction of aptamer bound to protein over total aptamer, [𝐴]𝑡 were 

[𝐴]𝑡 = [𝐴] + [𝐴𝑃]: 

 

𝑓𝑏 = 
[𝐴𝑃]

[𝐴]𝑡
=

[𝐴𝑃]

[𝐴] + [𝐴𝑃]
  (S-3) 

 

Next, equation 2 is solved for [𝐴𝑃], substituted into equation 3 and simplified: 

 

𝑓𝑏 = 

[𝐴][𝑃]
𝐾𝑑

[𝐴] +
[𝐴][𝑃]
𝐾𝑑

   

 

𝑓𝑏 = 

[𝑃]
𝐾𝑑

1 +
[𝑃]
𝐾𝑑

∗ (
𝐾𝑑
𝐾𝑑
)  

 

𝑓𝑏 = 
[𝑃]

𝐾𝑑 + [𝑃]
 (S-4) 

 

Which is our desired result.  In the case where [𝐴]𝑡 ≪ [𝑃]𝑡 where [𝑃]𝑡 is the total protein added, after 

equilibrium is reached [𝑃]𝑡 ≈ [𝑃] so we can substitute into equation 4: 
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𝑓𝑏 = 
[𝑃]𝑡

𝐾𝑑 + [𝑃]𝑡
 (S-5) 

 

Which is the useful version of equation 4.  This result is important because it allows us to assume the protein 

added to samples is the protein concentration after equilibrium.  Alternatively, equation 5 is often rewritten as: 

 

𝑓𝑏 = 
1

1 +
𝐾𝑑
[𝑃]𝑡

 (S-6) 

 

Expanded Hyperbola 

In the case of equation 5 where we cannot assume [𝐴]𝑡 ≪ [𝑃]𝑡  we must use the expanded isotherm, obtained 

by substituting [𝑃] = [𝑃]𝑡 − [𝐴𝑃] for [𝑃] in equation 4 and solving for [𝐴𝑃] using the quadratic formula: 

 

[𝐴𝑃]

[𝐴]𝑡
= 

[𝑃]𝑡 − [𝐴𝑃]

𝐾𝑑 + [𝑃]𝑡 − [𝐴𝑃]
 (S-7) 

 

[𝐴𝑃]( 𝐾𝑑 + [𝑃]𝑡 − [𝐴𝑃]) =  [𝐴]𝑡([𝑃]𝑡 − [𝐴𝑃])  

 

[𝐴𝑃]𝐾𝑑 + [𝐴𝑃][𝑃]𝑡 − [𝐴𝑃]
2 = [𝐴]𝑡[𝑃]𝑡 − [𝐴]𝑡[𝐴𝑃]  

 

[𝐴𝑃]𝐾𝑑 + [𝐴𝑃][𝑃]𝑡 − [𝐴𝑃]
2 − [𝐴]𝑡[𝑃]𝑡 + [𝐴]𝑡[𝐴𝑃] = 0  

 

[𝐴𝑃]2 − ([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)[𝐴𝑃] + [𝐴]𝑡[𝑃]𝑡 = 0  

 

[𝐴𝑃] =
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)

2 − 4[𝐴]𝑡[𝑃]𝑡
2

 (S-8) 

 

We now plug equation 8 back into equation 7 and simplify: 

 

𝑓𝑏 = 
[𝑃]𝑡 −

([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)
2 − 4[𝐴]𝑡[𝑃]𝑡

2

𝐾𝑑 + [𝑃]𝑡 −
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 +𝐾𝑑)2 − 4[𝐴]𝑡[𝑃]𝑡

2
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𝑓𝑏 = (
[𝑃]𝑡 −

([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)
2 − 4[𝐴]𝑡[𝑃]𝑡

2

𝐾𝑑 + [𝑃]𝑡 −
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 +𝐾𝑑)2 − 4[𝐴]𝑡[𝑃]𝑡

2

)

∗

(

 
 
 

1

[𝑃]𝑡 −
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)

2 − 4[𝐴]𝑡[𝑃]𝑡
2

1

[𝑃]𝑡 −
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)

2 − 4[𝐴]𝑡[𝑃]𝑡
2 )

 
 
 

 

 

 

𝑓𝑏 = 
1

1 + (
𝐾𝑑

[𝑃]𝑡 −
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)

2 − 4[𝐴]𝑡[𝑃]𝑡
2

)

 

(S-9) 

 

To determine the case of “±" we take the limit as [𝑃]𝑡 approaches infinity.  As [𝑃]𝑡 approaches infinity 

eventually we should be able to make the assumption that [𝐴]𝑡<< [𝑃]𝑡 and equation 8 should reduce to the 

simple isotherm i.e. equation 6.  As [𝑃]𝑡 approaches infinity equation 8 becomes: 

 

𝑓𝑏 = 
1

1 + (
𝐾𝑑

[𝑃]𝑡 −
[𝑃]𝑡 ± [𝑃]𝑡

2

)

 

 

 

Which is indeterminate in the case where “±" is “+.”  On the other hand when “±" is “-‘:   

 

𝑓𝑏 = 
1

1 + (
𝐾𝑑

[𝑃]𝑡 −
[𝑃]𝑡 − [𝑃]𝑡

2

)

 

 

 

𝑓𝑏 = 
1

1 + (
𝐾𝑑
[𝑃]𝑡

)
 

(S-10) 

Which is the same as equation 6.  Thus the final form of the expanded hyperbola is: 
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𝑓𝑏 = 
1

1 + (
𝐾𝑑

[𝑃]𝑡 −
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) − √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)

2 − 4[𝐴]𝑡[𝑃]𝑡
2

)

 

(S-11) 

 

This form is of the expanded hyperbola is similar to the version of the simple hyperbola in equation 6 and 

clearly shows a correction for the protein concentration.  However there is a simpler version of equation 11.  

Alternatively, once we have reached equation 7, given that 𝑓𝑏 = [𝐴𝑃]/[𝐴]𝑡 we can divide by [𝐴]𝑡 to get: 

 

[𝐴𝑃]

[𝐴]𝑡
=
([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑) ± √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)

2 − 4[𝐴]𝑡[𝑃]𝑡
2[𝐴]𝑡

  

 

And from there take the limit as [𝑃]𝑡 goes to infinity to, knowing that as [𝑃]𝑡 approaches infinity 𝑓𝑏 must 

approach 1 to get the result: 

 

𝑓𝑏 =
([𝐴]𝑡 + [𝑃]𝑡 +𝐾𝑑) − √([𝐴]𝑡 + [𝑃]𝑡 + 𝐾𝑑)

2 − 4[𝐴]𝑡[𝑃]𝑡
2[𝐴]𝑡

 (S-12) 

 

Which is an equivalent form of the expanded hyperbola. 

 

Hill Equation 

The Hill equation models the association of “n” protein molecules to 1 aptamer molecule depicted in equation 

13.  It is important to distinguish that in equation 13 that 𝐾𝑑𝑛  is the dissociation for higher order interactions, it 

has units of Mn, different than the 1:1 Kd in equation 2.  To obtain a function a similar analysis as the simple 

hyperbola is then taken. 

 

𝐴 + 𝑛𝑃
𝐾𝑑𝑛
⇔ 𝐴𝑃𝑛 (S-13) 

 

𝐾𝑑𝑛 =
[𝐴][𝑃]𝑛

[𝐴𝑃𝑛]
 

(S-14) 

 

𝑓𝑏 = 
[𝐴𝑃𝑛]

[𝐴]𝑡
=

[𝐴𝑃𝑛]

[𝐴] + [𝐴𝑃𝑛]
  (S-15) 
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Substituting equation 14 into 15: 

 

𝑓𝑏 = 
[𝐴𝑃𝑛]

[𝐴]𝑡
=

[𝐴][𝑃]𝑛

𝐾𝑑𝑛

[𝐴] +
[𝐴][𝑃]𝑛

𝐾𝑑𝑛

   

 

𝑓𝑏 =

[𝑃]𝑛

𝐾𝑑

1 +
[𝑃]𝑛

𝐾𝑑

∗
𝐾𝑑𝑛

𝐾𝑑𝑛
  

 

𝑓𝑏 =
[𝑃]𝑛

𝐾𝑑𝑛 + [𝑃]
𝑛

 (S-16) 

 

Units of Mn returned by the 𝐾𝑑𝑛  are impractical for analysis.  In order to simplify the interpretation of the Hill 

equation the KA is substituted for the Kd: 

 

𝐾𝑑𝑛 = (𝐾𝐴)
𝑛 (S-17) 

 

𝑓𝑏 =
[𝑃]𝑛

𝐾𝐴
𝑛 + [𝑃]𝑛

 (S-16) 

 

The KA always has units in M and, like the Kd for 1:1 interactions in the simple square hyperbola, is the 

concentration of protein at half maximum binding.  KA is a more practical measure of affinity.  Theoretically, “n” 

refers to the number of binding sites on a target but practically is interpreted as cooperativity that reflects how 

multiple binding sites interact.  An n>1 reflects positive cooperativity and n<1 reflects negative cooperativity.  

Similarly with the simple square hyperbola we assume that [𝑃]𝑡 ≈ [𝑃] with the final form of the Hill equation 

being: 

 

𝑓𝑏 =
[𝑃]𝑡

𝑛

𝐾𝐴
𝑛 + [𝑃]𝑡

𝑛 (S-17) 
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Sequential complex formation 

Equation 13 implies a simultaneous multibody interaction which is rare for higher order complexes (when n>1).  

As such, complex rarely forms through equation 13 and the Hill equation is an approximation of multibody 

binding.  A more rigorous and realistic examination of complex formation would be a stepwise formation of 

individual 1:1 interactions such as the following: 

 

𝐴 + 𝑃
𝐾𝑑1
⇔ 𝐴𝑃 + 𝑃

𝐾𝑑2
⇔ 𝐴𝑃2 + 𝑃 

𝐾𝑑3
⇔ …

𝐾𝑑𝑛−1
⇔   𝐴𝑃𝑛−1 + 𝑃

𝐾𝑑𝑛
⇔ 𝐴𝑃𝑛 (S-18) 

 

For the case of n=2 equation 18 can written explicitly as equation 19 and easily modeled by the same approach 

as with the Hill equation and square hyperbola.  Again we use the fundamental relations established by 

equations 20, 21 and 22: 

 

𝐴 + 𝑃
𝐾𝑑1
⇔ 𝐴𝑃 + 𝑃

𝐾𝑑2
⇔ 𝐴𝑃2 (S-19) 

 

𝐾𝑑1 =
[𝐴][𝑃]

[𝐴𝑃]
 (S-20) 

 

𝐾𝑑2 =
[𝐴𝑃][𝑃]

[𝐴𝑃2]
 (S-21) 

 

𝑓𝑏 =
[𝐴𝑃] + [𝐴𝑃2]

[𝐴]𝑡
=

[𝐴𝑃] + [𝐴𝑃2]

[𝐴] + [𝐴𝑃] + [𝐴𝑃2]
 (S-22) 

 

To achieve a function we substitute equations 20 and 21 into equation 22 and simplify: 

 

𝑓𝑏 =

[𝐴][𝑃]
𝐾𝑑1

+
[𝐴𝑃][𝑃]
𝐾𝑑2

[𝐴] +
[𝐴][𝑃]
𝐾𝑑1

+
[𝐴𝑃][𝑃]
𝐾𝑑2

  

 

𝑓𝑏 =

[𝐴][𝑃]
𝐾𝑑1

+
[𝐴][𝑃]2

𝐾𝑑1𝐾𝑑2

[𝐴] +
[𝐴][𝑃]
𝐾𝑑1

+
[𝐴][𝑃]2

𝐾𝑑1𝐾𝑑2
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𝑓𝑏 =

[𝑃]
𝐾𝑑1

+
[𝑃]2

𝐾𝑑1𝐾𝑑2

1 +
[𝑃]
𝐾𝑑1

+
[𝑃]2

𝐾𝑑1𝐾𝑑2

∗ (
𝐾𝑑1𝐾𝑑2
𝐾𝑑1𝐾𝑑2

)  

 

𝑓𝑏 =
𝐾𝑑2[𝑃] + [𝑃]

2

𝐾𝑑1𝐾𝑑2 + 𝐾𝑑2[𝑃] + [𝑃]
2

 (S-23) 

 

Equation 23 is the functional isotherm that represents the binding in equation 19.  A similar process can be 

repeated for any number of “n”.  In doing so a pattern becomes evident that can allow a generalized isotherm 

for one aptamer binding “n” proteins but this will not be covered here.  Equation 22 also operates under the 

assumption that [𝑃]𝑡 ≈ [𝑃] to be practical: 

 

𝑓𝑏 =
𝐾𝑑2[𝑃]𝑡 + [𝑃]𝑡

2

𝐾𝑑1𝐾𝑑2 + 𝐾𝑑2[𝑃]𝑡 + [𝑃]𝑡
2 (S-24) 

 

It is possible to expand equation 24 like that of the expanded hyperbola, but it cumbersome and yields a non-

practical result.  Furthermore, as there only exists closed form expressions to solve for up to 4th order 

polynomials, the expandability of isotherms only works when there are 4 or fewer binding proteins involved in 

binding. 

 

Independent binding sites 

It is possible that instead of complex forming sequentially that there exist multiple binding sites independent of 

one another.  In this case each site has an individual associated binding isotherm.  For the case of two protein 

ligands this would look like: 

 

𝑓𝑏 = 

1
2 [𝑃]𝑡

𝐾𝑑1 + [𝑃]𝑡
+

1
2 [𝑃]𝑡

𝐾𝑑2 + [𝑃]𝑡
 (S-25) 

 

 

 

 

 

 


